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Patterns, sums and mathematical means

6 concepts 6 worked examples 12 practice questions
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Learning targets / i & @ga

* Distinguish a term from a partial sum.
* Model arithmetic and geometric patterns.

* Choose a summation method from the term structure.

Before you start: Algebraic manipulation and powers.

Concept map & question links / sfauRom g

Concept Learn + explain / r@erRom Practice
c1 Read the rule behind a pattern QO01, Q02
p.2 Ug 3R 31 ai

c2 Arithmetic change Q03, Q04, Q05, Q06
p.2 iR gfg

c3 Geometric change Q07, Q08
p.3 ToMR gfg

c4 Infinite sums need convergence Q09

p.3 3fia I Y et

Cc5 Compare three means Q10

p.4 & UpR & H1em

cé6 Make cancellation work Q11,Q12
p. 4 g @ g

Read C1-C6 — attempt Q01-Q12 — check solutions - complete the extension.

Ugat 3GYRUN g, fOhe foFT 81 G U & | TTeAclt 811 IR U & C-ahis ¥ Gafed UTS SIaRT g |

Green panels: key formulas and conditions. Amber panels: common errors. Each lesson has an English explanation, a Hindi
explanation and a worked example.
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MAAS / CLASS 11 MATHEMATICS Sequences and Series

LEARN e« g#Hs

Concepts 1 & 2

C1/ KEY CONCEPT
Read the rule behind a pattern / ug 3iR siif2ye ahr

A sequence is an ordered list; a series adds its terms. The nth term an describes one position, whereas Sn
describes the sum up to that position. When a partial-sum formula is known, subtract consecutive sums to
recover a term.

3gehH | U o 4 fod STa €; 2oft & 38 ShteT ST €1 an dael e Ug 8, STafch Sn Uget n UGl T anT gl
AR &F 3ifIeh TN ge™ R nth Ug fAdar g1 3arerur § I8 4n + 1 g1

an =Sn - Sn-1forn = 2; a1 = S1.

WORKED EXAMPLE 1 / g« frar Iergzur
If Sn=2n2 + 3n, find an.

Solution: For n = 2, subtract 2(n-1)?+3(n- 1) to get 4n + 1. Also a1 = 5, matching the same formula.

WATCH OUT: A few initial terms do not determine a unique infinite sequence.

C2 /| KEY CONCEPT
Arithmetic change / ¥9ieR gfg

In an arithmetic progression, adjacent terms differ by a constant d. The nth term is reached after n - 1
steps. Pairing the first and last terms gives the sum formula. The average of two equally spaced terms
equals the central term when there is one.

iR Aoft & g 3NTell Ue GHTH 3icdk d Sige Aedi 81 gt A nth ge dehn - 1 haH 8ld &1 3SR H a =
7 3R d = 4 §; 18af ug 75 dUT Ugal 18 UGl ohl AT 738 &1

an=a+(n-1)d; Sn =n[2a + (n - 1)d]/2.

WORKED EXAMPLE 2 / g« farar Sergzur
Find the 18th term and sum of the first 18 terms of 7,11,15,... .
Solution: Here a=7 and d = 4. The 18th term is 7 + 17(4) = 75. The sum is 18(7 + 75)/2 = 738.

WATCH OUT: The number of increments is one less than the number of terms.
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LEARN e« g#Hs

Concepts 3 &4

C3 / KEY CONCEPT

Geometric change / ToiR g2

In a geometric progression, each term is multiplied by a fixed ratio r. Subtracting rS» from S» cancels
interior terms and yields the sum formula. The separate case r = 1 is a constant sequence with sum na.

TR 2oft 7 8 SFTAT UG A SIgUTd r & 0T Shch fHerdT g1 3qTex0T # 3,6,12,... & fdlg r = 2 g1 Ugat Ui
Ul AT ART 93 &1 r = 1 BIH TR 3T & S = na YA 9|

an=ar % Sa=a(1-r)/(1-r), r=1.

WORKED EXAMPLE 3 / g&t f3ar Iarawor
Find the first five-term sum of 3,6,12,... .
Solution:a=3and r=2.Ss=3(25-1)/(2 - 1) = 93. Direct addition 3 + 6 + 12 + 24 + 48 confirms it.

WATCH OUT: A ratio can be negative; the terms may alternate in sign.

C4 /| KEY CONCEPT
Infinite sums need convergence / 3d ah &t oret

An infinite geometric sum is the limit of its partial sums. The term r" tends to zero only when |r| < 1.1In
that case the finite-sum formula approaches a/(1 - r). A nonzero geometric series with |r| = 1 does not
have this finite sum.

et TUR 1T Aft ARG gt & S |r| < 1 811 d 3 o U A Y SR ST & | IaTeR0T A Sigurd 1/3 €,
gafore 1 g 12/(1- 1/3) = 18 R 21

S« =a/f(1-r), provided |r| <1.

WORKED EXAMPLE 4 / gt f3ar 3argwor
A ball travels 12 m, then 4 m, then 4/3 m, and so on. Find the total.
Solution: The distances form a GP with a=12 and r = 1/3. The total is 12/(1-1/3) =18 m.

WATCH OUT: Never use the infinite formula merely because dots appear.

BILINGUAL CONCEPT EDITION * English + &= 3/9
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LEARN e« g#Hs

Concepts 5 & 6

C5 / KEY CONCEPT
Compare three means / &9 YR & #1e

For positive numbers, arithmetic mean measures an additive centre, geometric mean a multiplicative
centre and harmonic mean a reciprocal centre. Positive inputs are essential for the standard inequality. An
HP is a sequence whose reciprocals form an AP.

YTHp HATSHT & T FHIGR H1eT hH-Y-hH TUNR A1ed 3R TUNRR A1 HH-Y-hH gD AT gidl 81 4
3R 16 & oI & AT 10,8,6.4 &1 SRIEY Fael ST TEATE THM g1 W gl 81

A=(u+v)/2; G=V(uv); H=2uv/(u+v); A= G = H.

WORKED EXAMPLE 5 / & favam Sarewur
Find A,G,H for 4 and 16.

Solution: A=10, G =8 and H =128/20 = 6.4. Thus 10 = 8 = 6.4. Equality occurs only when the two inputs
are equal.

WATCH OUT: The harmonic mean is not the reciprocal of the arithmetic mean.

C6 /| KEY CONCEPT
Make cancellation work / fAza= & I

A term written as a difference can telescope when summed. For polynomial terms, use the standard sums
of integers, squares and cubes. For an arithmetic factor times a geometric factor, multiply the sum by the
ratio and subtract to simplify the arithmetic factor.

fohdt ug ol &t fO=i & oiaR # dis< R &9 & UG ohe Gobd &1 3areuT 7 1/[k(k + 1)] = 1/k - 1/(k + 1) 81 3T
UE Slig+ W dhad 1 - 1/9 ST &, 39feie i 8/9 21

Zk =n(n+1)/2; Zk2=n(n + 1)(2n + 1)/6; Zk3 = [n(n + 1)/2]2.

WORKED EXAMPLE 6 / gt faFar 3argeor
Find £ from k =1 to 8 of 1/[k(k + 1)].
Solution: Write 1/[k(k + 1)] = 1/k - 1/(k + 1). All interior terms cancel, leaving 1 - 1/9 = 8/9.

WATCH OUT: Keep the final surviving term; cancellation does not mean the sum is zero.
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PRACTISE * 3119 &3

Practice A

Show your method. Concept codes point to the relevant lesson. Solutions begin on page 7.

had 3R Tel, fafer oft T | sraszenrdar g at deifea C-epis arer uts 2d|

Q01 -.c1
Find a1,...,as if an=n2 + 2n.

an=n2 +2n & a) g IR U faf@g)

Q02 .c1
If Sn = 3n?, find an.

Sn = 3n2 gl df nth gg 1 $HifSTl

Q03 -.c2
Find the 15th term of 9,14,19,... .

9,14,19,... &l 154 Ug FTd HIfIT|

Q04 -c2
Find the sum of the first 20 terms of 2,5,8,... .

2,5,8,... & Ugdl 20 UGT &1 I T hifoig|

Q05 -.c2
An AP has a4 =17 and as = 42. Find a and d.

Ueh iR Aoft 7 aa = 17 3R as = 42 &1 g1 Ug 3R I1d 3iaR 71d hifSiu|

Q06 - c2
Insert three arithmetic means between 6 and 26.

6 3R 26 & o i TR ATed =ifaul
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PRACTISE * 3119 &3

Practice B

Show your method. Concept codes point to the relevant lesson. Solutions begin on page 7.

hael 3R Tgl, fafd oft fod | sraeTenar gt at Tefda C-aris arer Ut 2@ |
Q07 -c3

Find the sixth term of 5,15,45,... .

5,15,45,... Sl B3I UE 3Td hIfaq|

Q08 -c3
Find2+6+ 18+ 54 + 162.

2+ 6+ 18 + 54 + 162 T TN JATd hIfSIT|

Q09 .ca
Sum 9-3+1-1/3+..toinfinity.

9-3+1-1/3+ ... & 3d TN AT HISTI

Q10-cs5
Find A,G,H for 9 and 25.

9 3fiR 25 T FHIAR, UM 3R ERIHh AT AT hITSIG |

Q11-c6
Find X from k =1 to 12 of k2.

k=139 12 deh k2 T I AT RIS

Q12-cs
Find = from k=1 to 10 of 1/[(k + 1)(k + 2)].
k=1210d® 1/[(k + 1)(k + 2)] &1 ThT 719 HifSQ|
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CHECK ¢ ga wiftd

Solutions A

Compare the method as well as the final answer. For Hindi concept explanations, use the C-code.

IR & g1 deient oft ey | fES) & ad gws™ & fv gefdq sauron ug|

Q01 / C1 * Read the rule behind a pattern
3,8,15,24 by substitution.
n=1,2,3,4 R W AT 3,8,15,24 fBed g1

Q02 / C1 * Read the rule behind a pattern
an=3n2-3(n-1)2=6n - 3; the formula also gives a1 = 3.
Sn-Sn-1=3n2-3(n-1)2=6n - 3 gl Uge ug Y T8I g a1 8|

Q03 / C2 * Arithmetic change
a=9,d=>5:ais=9+ 14(5) = 79.
a=93Rd=58lais=9+14x5=7938I

Q04 / C2 * Arithmetic change
S20=10[4 + 19(3)] = 610.
S20=20[2x2+19x3]/2=610%8I

Q05 / C2 * Arithmetic change
5d=25givesd=5;a+3d=17givesa=2.
G g geM IR 5d=259d=58IfRa+15=17Ta=2%I

Q06 / C2 « Arithmetic change

Five terms require four steps: d = 5. Insert 11,16,21.
Ufg al & st IR iR &1 d = 20/4 = 5, 31 71¢7 11,16,21 €1

Correct? Explain why the method works. Incorrect? Mark the first step that changed the answer.

gl 811 IR hRUT GHSATY | TTeAd g1 UR Ugelt TTeld fohdl Ugam 3iR SIaRT 8l e
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CHECK ¢ ga wiftd

Solutions B

Compare the method as well as the final answer. For Hindi concept explanations, use the C-code.

IR & g1 deient oft ey | fES) & ad gws™ & fv gefdq sauron ug|

Q07 / C3 « Geometric change
5x35>=1215.
U1 UG 5 3R 31UTd 3 81 BST1 UG 5 x 35 = 1215 8l

Q08 / C3 « Geometric change
GP sum =2(35-1)/2 = 242.
afg UGl Sl UIR AT 2(35 - 1)/(3 - 1) = 242 &1

Q09 / C4 « Infinite sums need convergence
r=-1/3,so S« =9/(1+1/3) =27/4.
r=-1/383MR |r| <181 3Haam9/(1+1/3)=27/4%8I

Q10 / C5 « Compare three means
A=17; G=15; H=450/34 =225/17.
IR H1eT 17, TONR J1e4 15 3R g1 A1ed 225/17 &1

Q11 / C6 » Make cancellation work
12 x 13 x 25/ 6 =650.
Tt & INT Rl GA g IR 12 x 13 x 25 [ 6 = 650 fAerar 81

Q12 / C6 » Make cancellation work
The termsare 1/(k+1)-1/(k +2). Sum=1/2-1/12=5/12.
gl 1/(k+1)-1/(k+2) I fadugdeA w®1/2 - 1/12 = 5/12 ITd1 81

Correct? Explain why the method works. Incorrect? Mark the first step that changed the answer.

gl 89 TR hRUT GHSY | TTeAd 811 UR Uget! TTeTd [ehal UgdT SR IR 8l he |
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CONNECT ¢« §dy g

Visual review & extension

100
=@ AP:7,11,15,...

80 1 —#- GP: 3,6,12,...
60

40

—

N i:’_;ﬁ;’—:i;'

0_'_l' T T T T T
1 2 3 4 5 6

Term number n

C2-C3: constant differences and constant ratios produce different growth patterns.

Arithmetico-geometric sums

For [r| <1, Z from k=1 to « of kr* =r/(1 - r)2. Multiplying the sum by r and subtracting leaves a
geometric series. With r = 1/2, the sum is 2.

Finite differences

A quadratic nth-term rule has constant second differences. For 2,6,12,20,..., first differences are 4,6,8,...
and the rule n(n + 1) fits; verify it from the specified generating rule, not from pattern alone.

Challenge

Three positive numbers in GP have product 216 and first term 3. Their middle term is 6 because its
cube is 216. The ratio is 2 and the last term is 12.

SIATTTOIAT R UMNRIR ShRehl & UM aTelt Uit # SuTd & UM ehich THT IUANT g1 fRR g iR fgard
UG-G o1 Hehd ad &1 Il A & o Ug 1 8 216 8, 31d: o1 Ug 3,6,12 &

Can you justify why a sum formula applies before substituting numbers?

AT Y 73T A <hl 2T 3R Yok FTHTI el 31U STea] H THST Tehd 872
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