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Angles, identities, equations and applications

6 concepts 6 worked examples
BE T YRV ©E 5o Y IaTeR0T

Learning targets / i & @ga

» Connect angle measures to the unit circle.
* Choose identities that simplify a problem.

¢ Find all solutions in a stated interval.

Before you start: Algebra, circles and coordinate signs.

Concept map & question links / sfauRom g

Concept Learn + explain / 3raerRom
Cc1 Measure rotation

p.2 0T BT JTO

c2 Use the unit circle

p.2 ShIS gd

c3 Combine angles

p.3 IO ST TRT

c4 Read periodic behaviour
p.3 3afar 3k wr

c5 Solve every branch

p. 4 Tt g1 @S

c6 Apply ratios and bounds
p-4 U R HATE

Read C1-C6 — attempt Q01-Q12 — check solutions - complete the extension.

12 practice questions

g X UH

Practice

Q01, Q02

QO03, Q04

QO05, Q06

Qo7

Q08, Q09, Q10

Q11,Q12

Ugat 3GYRUN g, fOhe foFT 81 G U & | TTeAclt 811 IR U & C-ahis ¥ Gafed UTS SIaRT g |

Green panels: key formulas and conditions. Amber panels: common errors. Each lesson has an English explanation, a Hindi

explanation and a worked example.
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LEARN e« g#Hs

Concepts 1 & 2

C1/ KEY CONCEPT
Measure rotation / rIoT &1 HTUS

Positive angles turn anticlockwise and negative angles clockwise. Radians compare arc length with radius
and are essential in arc and sector formulas. Convert degrees to radians before applying those formulas.
One full turn is 360° or 21 radians.

f2a a1a Fi der8 3R Bsar F1 rguTd g1 9rg 3R ASaEE & Al A Sivr A2FA | g1 91| 3aTexer §
80° = 4m/9 AT 1 9 F I[UM o WR ATY I wialg 4 HHter fAerdt 21

0 radians = © degrees x 1t/180; arc length s = r0; sector area = r20/2.

WORKED EXAMPLE 1 / g« frar Iergzur
Find the arc length of a circle of radius 9 cm subtending 80°.

Solution: Convert 80° to 41/9 radians. Then s = 9 x 41/9 = 41t cm. The sector area is 181 cm?.

WATCH OUT: The arc formula does not accept a degree value directly.

C2 / KEY CONCEPT
Use the unit circle / 3&TE g9

The point reached by angle 8 on the unit circle is (cos 8, sin 8). This definition extends trigonometric ratios
beyond acute triangles. Coordinate signs identify quadrant signs. Tangent is sin 8/cos 6 only where cos 6
= 0.

g8 g WR feig o fAderies (cos O, sin 0) 81 agfar 9 g a3 gidT1 g1 3318301 # sin 0 = 5/13 3R &1
TgYUier §; el cos O =-12/13 3R tan © = -5/12 &I

sin20 + cos20 = 1; 1 + tan20 = sec?0 where defined.

WORKED EXAMPLE 2 / g forar 3argvor
If sin ® =5/13 and 6 is in quadrant II, find cos 6 and tan 6.

Solution: cos?0 =1 - 25/169 = 144/169. Quadrant Il makes cos 6 negative, so cos 6 =-12/13 and tan 6 =
-5/12.

WATCH OUT: A square-root calculation alone cannot determine the sign.

BILINGUAL CONCEPT EDITION * English + &= 2/9



MAAS / CLASS 11 MATHEMATICS Trigonometry

LEARN e« g#Hs

Concepts 3 &4

C3 / KEY CONCEPT

Combine angles / ot &1 IRt

Addition formulas convert sums of angles into products of simpler ratios. Double-angle formulas follow by
choosing equal angles. For half-angle formulas, determine the sign from the half-angle’s quadrant.
Product-to-sum formulas are useful when multiplying oscillating expressions.

-G fohelt ohfd ahiuT <t GF TR hiuTl H dicd &1 3aT8R0T H 75° = 45° + 30° XE | T1g & AT-GFA # g1
U STied ° (V6 + V2)/4 [edr 81 siareg- o - # &g o1 fag 0T gid1 g1

sin(A + B) = sin A cos B + cos A sin B; cos(A + B) = cos A cos B - sin A sin B.

WORKED EXAMPLE 3 / g&t f3war Iarawor
Find sin 75° exactly.
Solution: Use 75° = 45° + 30°. The result is (vV2/2)(vV3/2) + (v2/2)(1/2) = (V6 + V2)/4.

WATCH OUT: cos(A + B) has a minus sign between its two products.

C4 /| KEY CONCEPT
Read periodic behaviour / smafdar sk v

Sine and cosine repeat after 2m; tangent repeats after n. For y = A sin(bx + ¢) + d with A,b # 0, amplitude is
|A|, period is 2n/|b| and vertical centre is d. The horizontal shift is -c/b.

TS 3R PIATS T Gl SHTAciehld 21 g1 TTYC i 2 F T[OT S UR HTdcichlcel JATET g1 ST g1 3 sin(2x) - 1
T A -4 T 2 d STIAT 8, TfelT WY [-4,2] 3R 3fadehe n gl

sin 2x = 2 sin X cos X; cos 2x = 1 - 2 sin?x =2 cos2x - 1.

WORKED EXAMPLE 4 / <t faar 3arevor
State the range and period of y = 3 sin(2x) - 1.

Solution: Since -1 = sin(2x) < 1, the range is [-4,2]. Doubling the input halves the period to .

WATCH OUT: Amplitude is nonnegative; a negative coefficient also reflects the graph.

BILINGUAL CONCEPT EDITION * English + &= 3/9



MAAS / CLASS 11 MATHEMATICS Trigonometry

LEARN e« g#Hs

Concepts 5 & 6

C5 / KEY CONCEPT
Solve every branch / @t ga1 @lsi

For sin x = sin a, one family is x = a + 2kt and another is x = 11 - a + 2km. Cosine gives x = =a + 2km. Tangent
gives x = a + k. Always restrict the final families to the requested interval and retain original domain
exclusions.

reptuTfrdia Tienzor & SreRR Uk & 31feieh ohluT IR 8ld & | Uget ol ahivl, fir Tt aqgafer 8ik sid # fdg 1w
SIRTeT et G | 3GTEUT A sin x = v3/2 & fog [0,2m) W /3 3R 2n/3 31 A4 &1

sin x =sin a = x = kmt + (-1)*a, k an integer.

WORKED EXAMPLE 5 / g a1 Igre=or
Solve 2sinx=v3o0on0 =< x<2m.

Solution: sin x = V3/2 is positive in quadrants I and II. The two solutions are /3 and 2m/3.

WATCH OUT: Dividing by sin x can discard solutions where sin x = 0.

C6 [ KEY CONCEPT

Apply ratios and bounds / 3T 3R HHTG

A height-and-distance diagram turns a word problem into a right triangle. Label horizontal and vertical
distances and choose a suitable ratio. For expressions a sin x + b cos x, the amplitude V(a2 + b?) gives the
maximum absolute value over all real x.

a sin X + b cos x &l Y WMIdRd 918 & U H ol ohd g | $9ehT 3™ V(a2 + b2) g1 3a1gur & V(25 +
144) = 13, gafeig It arafde x o sifdehad 13 3R =AaH -13 8l

-V(a2 + b2) = asin x+ b cos x = V(az + b2).

WORKED EXAMPLE 6 / g fahar 3grgvor
Find the maximum of 5 sin x + 12 cos Xx.

Solution: Write it as 13 sin(x + @), with cos @ = 5/13 and sin ¢ = 12/13. Its maximum is 13 and minimum is
-13.

WATCH OUT: A restricted interval may not contain the point giving the global maximum.
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PRACTISE * 3119 &3

Practice A

Show your method. Concept codes point to the relevant lesson. Solutions begin on page 7.

had 3R Tel, fafer oft T | sraszenrdar g at deifea C-epis arer uts 2d|

Q01 -.c1
Convert 150° to radians.

150° =pt 2= H sefaul

Q02 .c1
Find the arc length for r = 8 cm and 6 = 3r/4.

r = 8 §diHier 3k O = 3n/4 & AT Ig H FarE RarfaT]

Q03 . c2
Find cos 0 if sin ® =8/17 and 6 is in quadrant IL.

sin © = 8/17 du1 6 g Igufer # g1 cos 6 Ad HIfIT

Q04 -c2
Evaluate tan 225°.

tan 225° T |19 3Td hifoig|

Q05 -.c3
Find cos 75° exactly.

cos 75° &l Tleh A AT hifoig|

Q06 -C3
If sin x = 3/5 and x is acute, find sin 2x.

sin x = 3/5 T x g ST g1 sin 2x T HIfST)
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PRACTISE * 3119 &3

Practice B

Show your method. Concept codes point to the relevant lesson. Solutions begin on page 7.

Fad IR Tal, fafd oft ford | smasgear g at Tefda C-ais arer ures 3@ |
Q07 - ca

State the range and period of y = 2 cos(3x) + 4.

y =2 cos(3x) + 4 3T ITH 3R 3dcdhlel Y|

Q08 - c5
Solve cos x =-1/2 on [0,2m).

[0,21) TR cos x = -1/2 g FHifST|

Q09 -c5
Solve sin 2x =0 on [0,2n).

[0,21) TR sin 2x = 0 &1 hifSQ|

Q10-cs5
Solve tan x = V3 for all real x where defined.

STet uRenfSa &, agf aft arafds x & faw tan x = V3 &1 g« fAf@ul

Q11-c6

Trigonometry

A tower is viewed from 30 m away at elevation 30°. Find its height, assuming level ground and ground-

level observation.

T YA IR HHER & 30 Hie? R, YA-ER & IHh1 377 iv1 30° g1 SHa1s [Aahrfau|

Q12-.c6
Find the maximum and minimum of 8 sin x - 15 cos x.

8 sin x - 15 cos x & 3if&ehad 3R AaH A AT hifog|
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CHECK ¢ ga wiftd

Solutions A

Compare the method as well as the final answer. For Hindi concept explanations, use the C-code.

IR & g1 deient oft ey | fES) & ad gws™ & fv gefdq sauron ug|

Q01 / C1 * Measure rotation
150m/180 = 51m/6.
feuft &l /180 & oM <1 150° = 5m/6 AT &1

Q02 / C1 * Measure rotation
s=rB=6mcm.

s=r0 =8 x 3n/4 = 61 ez 21

Q03 / C2 ¢ Use the unit circle
cos 0 =-V(1-64/289) =-15/17.
SIS BT URHATT 15/17 8, R g&R Igfer # g oA g 3« -15/17 81

Q04 / C2 + Use the unit circle
225° =180° + 45°; tangent has period 180°, so the valueis 1.
&=sie ol Tadeetal 180° 81 tan 225° = tan 45° = 1 81

Q05 / C3 » Combine angles
cos(45° +30°) = (V6 - v2)/4.
cos(45° +30°) & g & (V6 - v2)/4 fear g1

Q06 / C3 » Combine angles

cos X =4/5, so 2 sin x cos x = 24/25.

g oT 89 T cos x = 4/5 81 sin 2x =2 x 3/5 x 4/5 = 24/25 gI

Correct? Explain why the method works. Incorrect? Mark the first step that changed the answer.

gl 811 WR PHRUT AT | Teld 811 TR Uget! TTerd fohdT Uga 3R SIERT gl i |
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CHECK ¢ ga wiftd

Solutions B

Compare the method as well as the final answer. For Hindi concept explanations, use the C-code.

IR & g1 deient oft ey | fES) & ad gws™ & fv gefdq sauron ug|

Q07 / C4 « Read periodic behaviour
Range [2,6]; period 2m/3.
TS -1 9 1 dch g1 IR [2,6] 3R siadenrar 2n/3 g1

Q08 / C5 ¢ Solve every branch
x = 2m/3,41/3.
TS IR R AR Tgafer & kuneAs 81 gt 2n/3 3R 4n/3 €1

Q09 / C5 ¢ Solve every branch
2x = km gives x = 0,1t/2,m,3m/2.
2x = kn @ x = kn/2 g1 3fcR1er & 0,11/2,1,31/2 ferd g1

Q10 / C5 ¢ Solve every branch

x =1/3 + km, k an integer.

T hI0T 11/3 81 E=ic o SMadahld & X = 11/3 + ki, ST8f k quifeh 8l

Q11 / C6 * Apply ratios and bounds
h/30 =tan 30°=1/V3,so h=10vV3 m.
$a15/30 = tan 30° = 1/V3 &1 %418 10v3 Hiex 81

Q12 / C6 * Apply ratios and bounds
Amplitude V(64 + 225) = 17; maximum 17, minimum -17.
ST V(82 + 152) = 17 &1 Hf&ehad 17 3R =AaH -17 81

Correct? Explain why the method works. Incorrect? Mark the first step that changed the answer.

el 811 IR hRUT GHSATY | TTeAd g+ UR Ugelt 7Teld fohdl Ugam 3iR SIaRT 8 e |
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CONNECT « 9dy gust

Visual review & extension

0 w2 n 3n/2 2n

C4:y =3 sin(2x) - 1 completes two cycles on [0,2m].

Products and sums

2 sin A cos B =sin(A + B) + sin(A - B). Also 2 cos A cos B = cos(A + B) + cos(A - B). These identities can
make a long sum telescope.

Trigonometric inequalities

For sin x = 1/2 on [0,2m], the unit circle gives x in [1/6,51/6]. For all real x, add 2kmn to both endpoints
for every integer k.

Challenge

Solve 2 sin2x - 3 sin x + 1 =0 on [0,2m). Factor (2 sin x - 1)(sin x - 1). The solutions are /6, /2 and 5m/6.

UMl &t AT & Seer aTel Gl il A0t & e ot Gehd &1 3rafiieh & felg SehrE g OR ORT a1g T |
AT & sin x &1 A4 1/2 a1 1 §; $9feig &9 81 11/6, 11/2 3R 51/6 &1

Can you state the angle unit, interval and excluded denominator zeros before solving?

AT 319 & G <l 2Td 3R Teh FHT Tt 70 QeG1 H FHEIT Tehd 82
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