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Modulus, radicals and graph transformations

6 concepts 6 worked examples 12 practice questions
B8 Y& JAYRUMY B gel [y 3aTexul IRE 37T T

Learning targets / i & @ga

* Interpret absolute value as distance.
* Solve piecewise and radical equations safely.

* Predict a graph before calculating points.

Before you start: Intervals, sign charts and equations.

Concept map & question links / sfauRom g

Concept Learn + explain / 3rgerRom Practice
Cc1 Distance before algebra QO01, Q02, Q03
p.2 fA=der A srarfa gt

c2 Split at the turning points Q04, Q06
p. 2 3TRT SRR Gl TP

c3 Handle nested modulus QO05, Q11
p.3 Iwe oy 7=

c4 Square only with a check Q07, Q08
p.3 Tif et  uge erd

c5 Translate and scale graphs Q09, Q10
p.4 T <hT RITIARTT

c6 Reflect inputs or outputs Q12

p.4 gY9e 3R 3m3cye 1 ufdfda

Read C1-C6 — attempt Q01-Q12 — check solutions - complete the extension.

Ugat 3GYRUN g, fOhe foFT 81 G U & | TTeAclt 811 IR U & C-ahis ¥ Gafed UTS SIaRT g |

Green panels: key formulas and conditions. Amber panels: common errors. Each lesson has an English explanation, a Hindi
explanation and a worked example.
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LEARN e« g#Hs

Concepts 1 & 2
C1/ KEY CONCEPT
Distance before algebra / Azdar a1 srafa gt

The absolute value |x - a| is the distance from x to a. A distance is nonnegative, so |f(x)| cannot equal a
negative number. Equations involving a fixed distance usually give two positions; inequalities describe
inside or outside an interval.

|x - a| H=I1-3@1 W x 3R a & &< Hl g §, el Tg St KU 81 gidl| ISTERUIH [2x - 5| < 7 ol
7<2x-5<s7fdigHi sIRIEA fhaT A T -1 < x < 6 WAAT B

IxX-al] =re®a-r=sx=sa+r, forr=0.

WORKED EXAMPLE 1 / g<t faar Iargzor
Solve |2x-5| = 7.
Solution: Write -7 = 2x-5 =< 7. Add 5 and divide by 2: -1 = x < 6.

WATCH OUT: For |f| = r, use an OR condition, not an AND condition.

C2 / KEY CONCEPT
Split at the turning points / 3{aRTel TR &1 hI

To remove modulus signs, first locate the zeros of their inner expressions. On each interval the signs are
fixed. Replace |f| by f where f is nonnegative and by -f where f is negative, then retain only solutions
belonging to that interval.

g [AR0eT AT o 3ieR o Sich ot T ech SidRTd STG | &R 3idRTet # g fAfad giar 81 Saerur d 718 1 8k
5 g1 ofl9 & 3aRTeT | gRAT b1 INT 4 §; STex 8 el TR x = 0 3R 6 fAeTd &1

lul =uifu=0; |u| =-uifu<o0.

WORKED EXAMPLE 2 / &t fawar Sarevvor
Solve |x-1] +|x-5]| =6.

Solution: Forx = 1,6-2x=6givesx=0.For 1 = x <5, thesumis4. Forx =5, 2x- 6 =6 gives X = 6.

WATCH OUT: An algebraic result must satisfy the interval used to obtain it.
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LEARN e« g#Hs

Concepts 3 &4

C3 / KEY CONCEPT
Handle nested modulus / A&z fAzder a9

Work from the outermost distance condition inward. A substitution such as u = |x| reduces repeated
absolute values, but u must be nonnegative. If an outer equation produces a negative candidate for u,
reject it before returning to x.

a18<t fARAer A F grama 1 | x| - 4] =3H | x| -4 w1 HE 37 -3 g AT x| =73A71 R xH
IR A fAdd g1 | x| & frd) skonmaes A ol wWieR &1 fohar ST Tehdr|

[Ix] -a] =b = |x| =a+bora - b, retaining nonnegative values.

WORKED EXAMPLE 3 / <1 far 3arevor
Solve | |x]| -4] =3.
Solution: The inner value |x| is 7 or 1. Thus x =-7, -1, 1, 7. All four values satisfy the original equation.

WATCH OUT: The equation |x| = 0 gives one solution, not two distinct solutions.

C4 /| KEY CONCEPT

Square only with a check / @it &3 @ uget o1t

The principal square root is nonnegative. For vf(x) = g(x), require f(x) = 0 and g(x) = 0 before squaring.
Squaring removes sign information; every candidate must be substituted into the original equation.

& T gHLIT TR-KUNHS 8T g1 V(X + 6) = X H Uget x = 0 faid | af ozt iR 3 3R -2 fAetd g, alfchrt -2
Tl THIAROT <ht 1 AIg1 AT | $HIIQ hael X = 3 Fal 8l

vf(x) = g(x) = f(x) = g(x)? and g(x) = 0.

WORKED EXAMPLE 4 / gt f3ar 3argwor
Solve V(x + 6) = x.

Solution: Require x = 0. Squaring gives x2 - x - 6 =0, so x = 3 or -2. Only 3 remains, and V9 = 3.

WATCH OUT: V(x?) equals |x|, not always x.
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LEARN e« g#Hs

Concepts 5 & 6

C5 / KEY CONCEPT
Translate and scale graphs / UT% &1 ®RidROT

Fory = a f(b(x - h)) + k, the basic graph moves horizontally by h and vertically by k. Its vertical scale is |a]|
and horizontal scale is 1/|b|. Negative a reflects in the x-axis; negative b reflects horizontally relative to
the shifted coordinate.

T & 3G X + 3 B TR UTH 18 3R 3 1S ST g1 I8 2 F UM A W Heafer fEarg ok -4 9 4=
RIHIAR0T 81T g1 39feiq 2| x + 3| - 4 &1 2fi (-3,-4) 81

y = |[x - h| + k has vertex (h,k) and range [k, x).
WORKED EXAMPLE 5 / &= frar sareeon
Describey =2|x +3]| - 4.
Solution: Start with y = |x|. Move left 3, stretch vertically by 2, then move down 4. The vertex is (-3,-4), and

the zeros are -5 and -1.

WATCH OUT: A plus sign inside x + 3 moves the graph left.

C6 / KEY CONCEPT

Reflect inputs or outputs / $Y9e 3R 313eye &1 ufafda

The graphy = |f(x)| reflects only portions below the x-axis upward. The graph y = f(|x|) keeps the right
half and mirrors it into the left half. These are different operations. Domains of rational expressions and
radicals still apply after transformations.

[f(x)| & x-3781 & 2 &1 w1 FWR ufafdfaa gtar g1 f(| x| ) & grat amr a1 8k oft ufafdifaa giar 1 Ierezor &
X=-3W |x-2| HAFAS §, Safh |x| - 2 ST AF 1 &1 S UTH 7T &

| f(x)| changes output signs; f(|x|) changes the inputs.

WORKED EXAMPLE 6 / &< forar Sergror
Compare [x-2| and |x| -2 atx =-3.

Solution: The first value is |-5| = 5. The second is 3 - 2 = 1. Their vertices are (2,0) and (0,-2), respectively.

WATCH OUT: Do not move an absolute value sign through a sum.
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PRACTISE * 3119 &3

Practice A

Show your method. Concept codes point to the relevant lesson. Solutions begin on page 7.

had 3R Tel, fafer oft T | sraszenrdar g at deifea C-epis arer uts 2d|

Q01 -.c1

Solve |x-4] =09.

|x - 4] =9 g1 Fhifol
Q02 .c1

Solve |3x + 2] < 8.

|3x + 2| < 8 g HifSiw|

Q03 . c1
Solve |x+ 1| = 4.

[x+ 1| = 4 g1 HifST|

Q04 -c2
Find all x satisfying [x- 2| + [x-7| =5.
[x-2] + |x-7]| =5 ot G P arct Gt x AT HAY

Q05 -c3

Solve | |x| -5] =2.

| Ix] - 5] =2 gt g
Q06 -2

Solve |x-1|=2x+1.

[x-1] =2x + 1 g8 ST
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PRACTISE * 3119 &3

Practice B

Show your method. Concept codes point to the relevant lesson. Solutions begin on page 7.
had IR a1, fafe oft g | srmasaeRar gt af Heifdd C-ehls atel Ure o |

Q07 - ca

Solve V(2x + 3) = x.

V(2x + 3) = x &1 ST

Q08 - c4
Find the domain of V(9 - x2).

V(9 - x2) a1 gRTST-85 319 FifSel

Q09 -cs5
State vertex and range of y =-|x - 2| + 6.

y=-|x-2]| + 6 o1 e 3R TR FATSY|

Q10-cs5
Find the zeros of y =3|x + 1| - 12.

y=3|x+ 1] - 12 & TH A1d IS

Q11-.c3

Solve |x2-4]| =5.
|x2 - 4| =5 g1 HIfSWI
Q12 -cé6

Solve |x-2]| < |x+4].

[x-2] < |x+4| g HfSwI
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CHECK ¢ ga wiftd

Solutions A

Compare the method as well as the final answer. For Hindi concept explanations, use the C-code.

IR & g1 deient oft ey | fES) & ad gws™ & fv gefdq sauron ug|

Q01 / C1 ¢ Distance before algebra
X-4=%9,sox=-50r13.
X-4=93r-9 G| 3R 13 3R -5 §!

Q02 / C1 ¢ Distance before algebra
-8 <3x+2<8gives-10/3 <x < 2.
-8<3Xx+2<8HEABHIR-10/3 < x < 2 AeaT 81

Q03 / C1 ¢ Distance before algebra
X+1=4orx+1<-4:x=3o0rx=<-5.
X+124TqTx+1<-4818qfTx =3ax <-5¢I

Q04 / C2 « Split at the turning points

Every x in [2,7]; between the two endpoints the distances sum to 5.

2 ¥ 7 & &g g1 gRat a1 @l gAem 5 g1 37k [2,7] 81

Q05 / C3 * Handle nested modulus
|x| =7o0r3,sox=-7,-3,3,7.
x| =7am3¢1aR A -7,-3,3,7 &l

Q06 / C2 « Split at the turning points
The right side requires x = -1/2. On x = 1, the candidate -2 is invalid; on x <1, 1 -x=2x + 1 gives x = 0.

gl 2x + 1 = 0 FMRTI X < 1 ATl YT H 1 - x = 2x + 1 & x = 0 AT 81 GHR WHT &l A 31 8

Correct? Explain why the method works. Incorrect? Mark the first step that changed the answer.

gl 89 TR hRUT GHSY | TTeAd 811 UR Uget! TTeTd [ehal UgdT SR IR 8l he |
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CHECK ¢ ga wiftd
Solutions B

Compare the method as well as the final answer. For Hindi concept explanations, use the C-code.

IR & g1 deient oft ey | fES) & ad gws™ & fv gefdq sauron ug|

Q07 / C4 « Square only with a check

X = 0; x2 - 2x - 3 = 0 gives candidates 3,-1. Only x = 3 works.

x = 0 T1gY I a7 A W (x - 3)(x + 1) = 0 81 HaeT X = 3 Ho FHIRUT AT 8

Q08 / C4 « Square only with a check
9-x2=0,s0-3=x=<3.

9-x2=08-3<x <3zl

Q09 / C5 * Translate and scale graphs
Vertex (2,6); range (-»,6].
U - Gerar &1 M (2,6) R IR (-,6] &

Q10 / C5 * Translate and scale graphs
|x+1| =4 gives x =-5or 3.
[x+1| =48 x+1=%48IIFR-53R3¢EI

Q11 / C3 * Handle nested modulus

x? -4 =5 or -5. Real solutions come only from x2 = 9: x = +3.

X2-4=5Tx=+38lx2-4=-5d grdfde & 7ol !

Q12 / C6 * Reflect inputs or outputs

Squaring the two nonnegative sides gives x? - 4x + 4 < x? + 8X + 16, so x > -1.

ST gRAT TR-K UM &, 3T I3 R Fehd &1 TR et TR 12X > =12, 37 x > -1 8

Correct? Explain why the method works. Incorrect? Mark the first step that changed the answer.

gl g1 UR hRUT GHSY | TTeld 84 IR Ugelt TTeld fohaT Uga 7R GIaRT 8l el
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CONNECT ¢« §dy g

Visual review & extension

| _

C5:y=2|x+ 3] - 4. The vertex and both zeros are marked.

A useful bound

Forrealab, |a+b| = |a| + |b| and ||a| - |[b|| = |a-b]. Distance interpretations often avoid long
casework.

Rational and radical inequalities

For vf(x) = g(x), require g(x) = 0 and 0 = f(x) = g(x)2. When a denominator is present, separate its
sign cases before multiplying.

Challenge

Solve |x-2]| + |x+ 2| = 8.The sum s 4 on [-2,2], -2x to the left and 2x to the right. The combined
answer is [-4,4].

fAogst e ffenT |a+ b| < |al| + |b| 3R i & HH hdl 81 IIH T 3fHehT 7 grar uet +ff R-
FUMD BT AMfeQ | AT F st o 3iciet # T 4 € 3R Frgx AT 2| x| &; 3R [-4,4] &1

Can you distinguish y = [f(x)| from y = f(|x|) without plotting many points?

RIT 3ATT H& G <hl A 3R Teh AT Telclt 30 Asal H THST Hehd g 2
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